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Unsteady turbulence in uniformly stratified unsheared flow is analysed using rapid
distortion theory (RDT). For inviscid flow with no molecular diffusion the theory
shows how the initial conditions, such as the initial turbulent kinetic energy KE,
and potential energy PE;, determine the partition of energy between the potential
energy associated with density fluctuation and the kinetic energy associated with each
of the velocity components during the subsequent development of the turbulence.
One parameter is an exception to this sensitivity to initial conditions, namely the
limit at large time of the ratio of potential energy to vertical kinetic energy. In
the linear theory, this ratio depends neither on the Reynolds number Re, nor the
Prandtl number Pr nor the Froude number Fr. This is consistent with turbulence
measurements in the atmosphere, wind tunnel and water tank experiments, and with
large-eddy simulations, where similar values of the ratio are found. The RDT results
are extended to show the effects of viscosity and diffusion where Re is not very large,
explaining the sensitivity of the spectra and the fluxes to the value of the Prandtl
number Pr. When Pr is larger than 1, the high-wavenumber components of the three-
dimensional spectra induce a vertical flux of temperature (density) that is positive
(negative), and therefore ‘countergradient” On the other hand, when the thermal
diffusivity is stronger and Pr is less than 1, lower-wavenumber components become
countergradient sooner since the high-wavenumber components are prevented from
becoming countergradient. When all the wavenumber components are integrated
to derive the total vertical density flux, it becomes countergradient more quickly
and more strongly in high-Pr than in low-Pr turbulence. All these theoretically
derived differences between high-Pr and low-Pr turbulence are consistent with the
experimental measurements in water tank and wind tunnel experiments and numerical
simulations. It is shown that the initial kinetic and potential energy spectrum forms
E(k) and S(k) near k = 0 determine the long-time limit values of the variances
and the covariances, including their decay rate with time. In the special case of
Pr =1, the oscillation time period of the three-dimensional spectrum function is
independent of the wavenumber and is the same as that of an inviscid fluid with
the effect of viscosity/diffusion being limited to the damping of all the wavenumber
components in-phase with each other. Furthermore, the non-dimensional ratios of the
covariances, including the normalized vertical density flux and the anisotropy tensor,
agree with the inviscid results if S(k) is proportional to E(k), or if either S(k) or E(k)
is identically zero. However, even when Pr = 1, in the ‘one-dimensional spectrum’ in
the x-direction, there is a transitory countergradient flux for high wavenumbers; only
in this case is there a qualitative difference with the three-dimensioan! spectrum. This
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paper shows that the characteristic differences in the behaviour of stably stratified
turbulence reported in previous DNS experiments at moderate Reynolds numbers
can largely be explained by linear oscillations and simple molecular or eddy diffusion
rather than by any new kinds of nonlinear mixing processes.

1. Introduction

The transport of mass and heat in the atmosphere and ocean depends critically on
how turbulence is affected by the presence of the stable density gradients in these flows.
Recent laboratory experiments and numerical simulations on the unsteady turbulence
in uniformly stratified fluid have shown how these effects are quite complex even
without mean shear. Since the effects of stratification obviously affect the vertical
transfer of both the dynamical scalars, heat or density, and the passive scalars, e.g.
the concentrations of a pollutant, the most controversial and unresolved problem has
been the qualitative and quantitative explanation of the countergradient transport of
dynamical and passive scalars, which means that the heat and mass are transported
by turbulent flux against the stratification. The phenomenon is sometimes observed as
a net time-averaged effect (e.g. Komori et al. 1983) but often only as a weak transient
effect (e.g. Itsweire, Helland & Van Atta, 1983; Lienhard & Van Atta 1990; Yoon
& Warhaft 1990). Similar effects have been noted in several numerical simulations
such as that of Gerz & Yamazaki (1993). With little theoretical justification, this
mechanism has hitherto been explained by the nonlinear, oscillatory turbulent ‘mixing’
of fluid. However, any theoretical explanations should clarify in which respect the
phenomenon is nonlinear, and in which respect it is linear; a fuller knowledge of the
linear effect should be the starting point of the study of nonlinear phenomena.

In this theoretical study we examine linear mechanisms for stratification effects and
in particular for the countergradient flux. We apply linear rapid distortion theory
(RDT) to unsheared stratified turbulence and obtained the analytical form of the
three-dimensional spectrum functions, with the aim of understanding the differences
in the time-dependent spectral behaviour of the low (Pr < 1) and high (Pr > 1)
Prandtl number flows. We also show the special character of turbulence when
Pr = 1, which surprisingly is in many respects similar to that of a non-diffusive fluid.
Deissler (1962) first used this approach, by calculating linearized two-point correlation
equations to show the difference of the form of three-dimensional spectrum functions
when the Prandtl number is 0.7 and 10. Our calculations are more general in that
the effects of the initial conditions, in particular the effect of the initial turbulent
kinetic/potential energy and their spectral form, are considered. These calculations
extend those of Hunt, Stretch & Britter (1988), by obtaining the results in analytical
form so that several new insights emerge. We note that the dependence on Pr
is different in one-dimensional spectra and three-dimensional spectra near Pr = 1.
This difference is important since in experiments only the one-dimensional spectra
are measured. We also consider those long-time asymptotics of the covariances that
change with time very slowly or not at all, because, as explained by Townsend (1976)
and Hunt & Carruthers (1990), these particular asymptotic results of linear theories
are often applicable to steady-state turbulent flows, such as those in atmospheric and
oceanic stratified turbulence. We have compared our theoretical results with recent
experiments and direct numerical simulations (DNS). The comparison of our theory
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with the experiments and DNS helps clarify which are the truly linear and nonlinear
phenomena in these flows.

2. RDT equations

We consider a homogeneous unsheared turbulent flow placed in a uniform density
gradient (dp/dx;) in the x;-direction, which is anti-parallel to the gravitational
acceleration. The governing equations by rapid distortion theory (RDT) (Townsend
1976) in the frame of reference moving with the uniform mean flow are

d 2 A klk3 N A
(a + Vk > u; = < k2 —_ 0,‘3) P, (21)
d
(a i Kk2> 5= Nin, (22)

where N is the Brunt-Viisild frequency given by N? = —(g/po)(dp/dx;), and the
Fourier coeflicients (i = 1,2,3) and p are defined in terms of the velocity and density
fluctuation by

u = Z ik, t)e*~, (2.3)
k

and
Lp =3 plk, 1)t (24)
Po P’

Here, po is the reference density, p is the perturbation density, v is the viscosity
coefficient and « is the diffusion coefficient. When there is no shear, the wavenumber
does not change with time and

dk;

i 0, (2.5)
which greatly simplifies the subsequent analysis. Note that in (2.1), the pressure
gradient is replaced by an exact expression in terms of .

In the non-dimensionalized form of the governing equations (2.1), (2.2), there are
three non-dimensional parameters, i.e. the Prandtl number Pr = v/k, the Reynolds
number of the turbulence Re = UL/v, and the Froude number Fr = U/NL (e.g. Riley,
Metcalfe & Weissman 1981). While the Prandtl number is a constant of the fluid,
Re and Fr are defined by the local turbulence parameters L, the integral length scale
and U the r.m.s. velocity, which is determined by the large-scale eddies. The relative
effects of viscous stresses and stable stratification on different sizes (I) of the eddies,
whose velocities are u(l), are characterized by ‘eddy’ Reynolds and Froude numbers
defined as Re; = u(l)l/v and Fr; = u(l)/NI.

However, for characterizing the overall features of laboratory experiments where
the length scale and r.m.s. turbulence velocity vary with time (in the moving frame),
it is conventional to use the ‘mean flow’ Froude number Fr = U/NL, and the mean
flow Reynolds number Re = ULy/v, where U is the mean velocity and L, is the
grid size often denoted by M. Since in most experiments U ~ 102U, it follows that
Fr>Fr.

It is important to note the conditions for which the RDT in stably stratified flow is
valid. They are given by the conditions that the nonlinear term (u-V)u ( u = (uy, uz, u3),
| u|= O(u) ) in the Navier-Stokes equations is small compared to the buoyancy term
gp/po (Derbyshire & Hunt 1985), and that the term (u - V)p is small compared to
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usdp/dx;. Using the eddy size | and its characteristic velocity u(/), the nonlinear term
in (2.1) is expressed as?

u2

(u-Viu=0 <T) , (2.6)
while the buoyancy term is

pﬁp — O@N?) if Nt<l1
0

= ON)  ifNt>1and Fr, = %«1,
where Fr; is the eddy Froude number, and the buoyancy advection term is

@-Vyp=0 (uNtdgE>

X3

_ u dp

for these two conditions. Once ¢ is greater than the oscillation period N1, Fr, is a
measure of nonlinearity, and therefore the RDT approximations, ie. (2.1) and (2.2)
are valid if Fr;<1.

Since

Y_o (%) (at low and moderate Re), (2.8a)

[
-0 (61/31—2/3)
{(at high Re, whereeis the local turbulence energy dissipation rate), (2.8b)

the condition Fr;<1 can be related to a condition applying to the Froude number for
the energy-containing eddies Fr(= U/NL). At low and moderate Re,

Fric1l = Fr<, (2.9q)
and at high Re,
el/3 2/3
Fricl — W<1’ or Fr (7) <]. (2.9b)

Thus in laboratory experiments and DNS for low- or moderate-Re flows, RDT is
valid for low values of Fr. On the other hand, it is clear from (2.9b) that at high Re,
for the smaller scales of turbulence with I/L < Fr’? Fr, satisfies Fr; > 1 so that
RDT is not valid for all scales of motion even if Fr is small. This is consistent with
the well established experimental results of geophysical turbulence where it is found
that at small scales the turbulence is not affected by body forces (see for example the
review by Hunt & Vassilicos 1991).

We consider in this paper only the unbounded fluid and do not consider the effect
of the outer solid boundary that usually exists in laboratory experiments. The effect
of the periodic boundary condition, usually used in DNS, has also to be considered
for a more complete comparison with the numerical simulations. These effects could
be considered using the methods described in this paper.

1 Note also that the nonlinear terms neglected in (2.1) and (2.2) are the Fourier coefficients of
the eddy inertial term (- V)u and of the eddy density-gradient acceleration term (u« V)p.
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3. Inviscid fluid
3.1. Calculation for spectra

We first consider the inviscid fluid. In this case the analytical results confirm and
extend the previous numerical solutions of the inviscid RDT equations by Hunt
et al. (1988). The results also explain the short-time development obtained in experi-
ments and DNS where the effect of viscosity and diffusion are negligible. By assuming
v=x=01n (2.1)(2.5) we obtain @; (i = 1,2,3) and p as

2

p = Pocos at + —iiy sin at, (3.1
a
kiks [po . N?
i =ty + 1—; {@ sinat — — fi3g (cos at — 1)} , (3.2)
a a
koks [po . N?
iy = fng + 22 1 P sinat — © g (cosat — 1) (3.3)
kK |a a?
1 dp . .
il ﬁd_[t) = U3 cosat — %po sin at, (3.4)
where
K2 4 k22
a= (-LkZ)—wN’ (3.5)

and the subscript 0 denotes the initial values.
Then we can calculate all the three-dimensional spectrum functions. The results are

P3(k,t) = Spmits + pi

N? .

- {_ﬁ%(k,ow 5, Pss(k,0)| sin 2at, (3.6)

k22 T 1 ., N* ,

&k, t) = @ (k,0) + e ;Qpp(k, 0)sin” at + ?ng(k, O)cosat — 1)

2N?
— %7@13(& 0)(cosat — 1), (3.7)
k2 _+_k2
Dy5(k, t) = P3(k,0) — 2 = 2 [WQDW(k,O)(cos 2at — 1)
N2

— 2. Prs(k, 0)(cos 2at — 1)} , (3.8)

1 N? ,
chpp(k, 0)(cos2ar — 1) — 1215@33(1" 0)(cos2at —1)|,

®,,(k,t) = D,,(k,0) + 2N? [
(3.9)
where an overbar denotes the ensemble average.

In this study we assume the initial density fluxes to be zero, ie.
@,(k,0)=0(=1,2,3), (3.10)

as in the previous numerical simulations. Although some laboratory experiments
(e.g. Lienhard & Van Atta 1990) suggest pus(t = 0) # 0, we ignore this possibility
because there is no information about the initial spectral form of @,;(k,0). There-
fore, throughout this study, theoretical (RDT) results are confined to the case of
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D,(k,0) = 0 (i =1273). The effects of non-zero &,(k,0) could be assessed by
exactly following the method described hereafter.

If in addition we assume that the initial velocity and density perturbations are both
1sotropic, the initial conditions are given by

E(k) kik;
D,;(k,0) = k2 (5ij - k_QJ) ) (3-11)
and
Sk) a2
Pk, 0) = k22N (3.12)
Here
KE, =/ E(k)dk, (3.13)
0
and
1 0
PEo = 535 [ @tk = [ stk (3.14)

are the initial turbulent kinetic and potential energy.
We now write the wavenumber vector in spherical coordinates as

ki =ksinfcos¢, k,=ksinfsin¢g, ki =kcos0, (3.15)
so that
kK =k} 4K +k3, (3.16)
and
(8+K)" _kn
i = = 17
sin 6 . T (3.17)
where the horizontal wavenumber ky is defined by
k= (2 +K3)'". (3.18)

3.2. Variances and covariances
Substituting (3.11) and (3.12) into (3.6), we obtain the vertical flux of density as

PT(t) = / & ,3(k, )2mk>dk sin 0d0

=IZ (C)/ d0 sin® 0 sin(2N't sin 0), (3.19)
0

where E(()C) = KE; — 2PE, is the complementary energy.
Other variances and covariances can be calculated similarly and the results are:

ul(t) = ud(t) = LKEo + LPEy + LE{” / df cos’ 0sin 0 cos(2Ntsin 0), (3.20)
0

wd(t) = H(KEo + 2PEo) + E / df sin’ 0 cos(2Nt sin 0), (3.21)

and

pX(t) = IN*(KEy + 2PE,) — IN?E{" / df sin 0 cos(2Nt sin 0). (3.22)
0

Some examples are plotted in figure 1 for two initial conditions PEy/KE,=0 and %
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The latter is the case when the potential energy is equal to the vertical kinetic energy
(cf. figure 3 of Hunt er al. 1988). Note here that, as for inviscid unstratified shear
flow (Townsend 1976), all these functions depend only on the total initial kinetic and
potential turbulence energy (KEy and PEg) and not on the precise form of the initial
kinetic and potential energy spectra E(k) or S(k). We also note that, as expected for a
linear analysis, the oscillation periods of these functions are completely independent
of the initial conditions and depend only on the value of N. Accordingly the zeros
of pus(t) are determined only by an integral that contains Nr. On the other hand,
the oscillation amplitudes are determmed by E . Then, the unsteady part of the
covariances all vanish when E\*' = 0. This corresponds to the initial equilibrium state
of the turbulence. When PE, = 0. the value of E(‘]C) is KEg, while when PE, = %KEO,
it is %KEO, which leads to an amplitude that is only % as large (see figure 1d).

The short and long time limit of variances in (3.19)-(3.22) arc as follows. When
Nt<«l1,

pi(t) = INYEY, (3.23a)

(0 = (1) = 3KEo — Ey 'N*F, (3:236)

ul(t) = IKE, — SESN?, (3.23¢)

p2(1) = 2N*PEy + 1E{ N, (3.234)

Using these results, we can calculate pusz/(p W# 7) in the limit of t — 0. If we
substitute KE, = 0, we obtain pig/(p? 2 )i — 0) = —(5/6)"/> = —0.913. This
agrees with the published DNS result of Gerz & Yamdzakr (1993), which show

pii; /(p? /2u3 (t > 0) = —0.914 (Dr Gerz has privately communicated that the value

was actually ——0.913). The value obtained by a separate linear theory of Chasnov
considering only the limit of + — 0 (see the Appendix in Gerz & Yamazaki) is
—(5/6)!/? and exactly agrees with our results. (Note that the sign of the vertical
density flux changes when we use the temperature instead of the density. In RDT,

the effect of pressure is incorporated implicitly.) If we substitute PE, = 0 into (3.23),

we obtain pi/(p> a u2 )(z — 0) = 1. If we substitute KEg = Au—g(O) and PEy =0, we

recover the short-time approximation of Hunt et al. (1988) (see their §2.3.1).
The long-time (N> 1) approximations are obtained from (3.19)—(3.22) using the
method of steepest descents as

o o/ T2
pus(t) = INES (3-)  sin (2Nt — 4m). (3.24a)
wi(t) = u3(t) = SKEy+ ¢ PE,, (3.24b)
_ 12
(1) = L(KEy + 2PEg) + LEL (N[> cos (2Nt — 7)), (3.24¢)

- L A2 a2 () ( TNV2 1 3944
(1) = LN*(KE, + 2PEq) — 1 N?E} (M) cos (2Nt = Ln).  (3.24d)

This analytical method shows that the time-dependent part of (3.24) comes from
near k; = 0(6 = n/2), which means infinite vertical wavelength. This suggests that,
when we consider the long-time development, we have to consider the effect of the
‘finite’ extent of fluid that we usually encounter in laboratory experiments. Exact
comparison with DNS requires consideration of the periodic boundary conditions.
However, the effects are important only in the unsteady part of (3.19)=(3.22). Then,
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FiGURE 1 (a, b). For caption see facing page.

while the unsteady part decays with time, the steady part becomes dominant at long
time and therefore the confinement effect is not actually significant.

It is important to note that the oscillating parts of the variances and the covariances
decay with time in proportion to t~'/? even without viscosity and nonlinearity.
The damping of oscillation is essentially a characteristic of inviscid fluid without
nonlinearity. The expressions (3.6)—(3.9) for the three-dimensional spectra show that
the oscillation period T is given by T = n/a = nk/(Nkg). This means that if we
look at the time variation on the time scale of Nt/n ~ 1 as is usually done, the
spectral components which satisfy k/ky = sin™' @ ~ 1, ie. 8 ~ n/2, are distorted
significantly, while the distortion is very small in the spectral region where k/kg>1,
ie. where 0 ~ 0, =. This is the reason why in the unsteady part of the variances
and the covariances, the contribution from a certain part of the wavenumber space
ky/k =~ 1 (8 = =/2) is dominant and the contributions from other components are
less effective. As time proceeds (Nt>1) the contributing region of # becomes much
more restricted to a narrower band near § = n/2 and the value of the integral decays
with time.

We also note that the oscillation period asymptotes in a long time to t = ©/N,
which is the period of buoyancy oscillation. It is noteworthy that in the long-
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FiGure 1. Time development of the covariances in inviscid fluid using RDT. Solid lines show the
results for PE, = 0 and the dashed lines show the results for PE, = %KEO. The arrows show the

values in the long-time limit. (a) 12(1)/12(0); (b) w2(1)/12(0): (¢) P2(0)/N?i2(0): (d) Pz /(p2 2 " )(2).

time approximation of u3(t), the time-dependent term vanishes. This shows that the
fluctuation in the horizontal kinetic energy decays rapidly, faster than oc t~!/2,

It is of interest to note that the energy ratio ER of potential energy to vertical kinetic
energy, ER = (p?/2N?)/(42/2), is equal to 3/2 in the long-time limit, independent
of the initial conditions KE, and PE,, provided the initial turbulence is isotropic.
This asymptotic value is also the same in the viscous/diffusive fluid irrespective of
the Prandtl number, Reynolds number and the initial conditions (see §4). The value
roughly agrees with the observed value of about ER = 1.0 + 0.3 in the atmosphere
(Nieuwstadt 1984; Hunt, Kaimal & Gaynor 1985). Wind tunnel experiments (Pr =
0.7) by Yoon & Warhaft (1990, their figure 20) show that the value ER is less than 1,
but the largest time (Nt ~ 3) attained is not large enough for comparison with the
long-time-limit theoretical value. The experiments for two-layer thermally stratified
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fluid (Pr = 6) by Komori & Nagata (1995) show that, for the largest time (Nt = 5.6)
attained, the ratio ER is about 1.25, although there is still some tendency for it to
increase with time. For the case of salt water (Pr ~ 600), LES for shear flow gives
a value of ER ~ 2.3 for Richardson number Ri = 1.0, but this tends to reduce for
larger Richardson numbers (see figure 8 of Schumann & Gerz 1995). Under the limit
of no diffusion(x — 0) and Nt — oo, Pearson, Puttock & Hunt (1983) showed that
the energy ratio approaches ER ~ 1&_,’ 2 where {2 is a coefficient of O(1) dependlng on
the spectrum of turbulence, which decreases with Fr and its maximum is less than 2.

3.3. Special cases
When PE; =0 (and KEy = %_{( )= %E(O)), we obtain the steady part of (3.24) (or

in the limit of Nt — o0) as

piEs(00) = 0, ul(o0) = ud(o0) = u2(0), u3(00) = Lu(0), p*(c0) = IN%A(0). (3.25)

On the other hand, when PE, = 1KEy = %ug(O), i.e. when the turbulent potential
energy is equal to the vertical turbulent kinetic energy initially, we obtain

(o) = 0, w(00) = ub(o0) = Bud(0), w3(o0) = 2ui(0), p*(c0) = IN%G(0). (3.26)

Since the steepest descents give a good approximation (Hinch 1991) even for finite
times and the oscillation decays with time, (3.25) and (3.26) can be compared with the
values at 2 < Nt < 10 obtained directly from (3.19)—(3.22) by averaging over several
oscillation periods (see figure 1).

4. Effects of viscosity and diffusion
4.1. Spectra

We next consider the same problem with viscosity and diffusion. The solution of
(2.1)—(2.5) gives 4i; (i = 1,2,3) and p as

p = Ae?' + Be?', 4.1

kik A B
—vk2t | A 13 (q1+vk? )t (q2+vk?)e
© {u10 k? [‘11 + vk? (e 1) q» + vk? (e 1) > (42)

kok A B
fy =713 =2 (qvi)e _ (@24 _ 4
e {u20 e [fh + vk? (e 1) - q2 + vk? (e 1) » (4.3)

5)
It

fiy = % [(q1 + kk*)Ae®" + (g2 + kk?)Be®'] , (4.4)
where
q %{~(v+rc)k2+ [(v—x)2k4—4a2]1/2}, (4.5)
g =3 {~ (v +u)k —[(v —x)7k* —4a’]'/?}, (4.6)
1 A A

A= [(q2 + 1k*)po — N*iiz0] , (4.7)

@ —q
B = [(q1 + xk*)po — N*1i3] , (4.8)

q1—4q2

and a is given by (3.5).
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The above solutions are valid when (v — k)? k*—4a? # 0. When (v — k)? k*—4a? = 0,
separate treatment is necessary since the case of (v — k)’ k* — 44 = 0 corresponds
to the degeneration of the eigenvalues of the linear system (2.1) and (2.2). However,
we see later that this is unnecessary in practice, so we do not show the results here.
Using (4.1)—-(4.4), we can calculate the three-dimensional spectral functions. The
density—vertical velocity cospectrum is

+ N2 [—(v — k)k3(1 — cos at) + asin at] P33 (k,0) } e HH (4.9)

where
o= (4Nsin> 6 — (v — k") "% (4.10)
When « is pure imaginary, we should use

cos(at) = cosh(iat), sin(at) = %sinh(iat), (4.11)
in (4.9) and it becomes
1. 5 .
®,5(k,1) = 7 {sin® O[—(v — x)k*(cosh Bt — 1) — B sinh Bt]&,,(k,0)

+ N2 [—(v — k)k*(cosh Bt — 1) + B sinh fr] Py (k, 0)} e T (4.12)

where f§ = io.
Note also that @,3(k,t) asymptotes to a finite value in the limit of « — 0 or § — 0.
In these limits both (4.9) and (4.12) become

D5k, t) = {sin’ 0 [—H(v — k)k*t* — 1] D,,(k,0)
+ N2 (=1 (v — k28 + 1] Pys(k, 0) } e+, (4.13)

which means that &,;(k,7) has no singularities. The case of « = 0 or f = 0
corresponds to the degeneration of the eigenvalues of the linear system (2.1) and
(2.2). Since (4.12) and (4.13) agree with those obtained independently by considering
from the beginning the sign of 4N?sin’ 8 — (v — k)?k* in solving (2.1)~(2.5), we use
henceforth a single form such as (4.9) for the expressions for @,3(k,f) and similar
functions. The expressions like (4.12) or (4.13) can be recovered by using the relation
(4.11) or taking the limit of o — 0.

Other spectrum functions can be obtained similarly but we note here a useful
relation between those functions, which can be directly derived from (2.1) and (2.2).

They are
(% + 2vk2) P, = (% — 5,;) P, + (%’? - 5j3> ?,;, (4.14)
<% +(v+ K)k2> @, = <5kk73 — 5,;) ®,, + N* @, (4.15)
(% + 2vk2> Z By = =203, (4.16)

(% + 2Kk2> ®,, =2N’P,;, (4.17)
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where relations essentially identical to (4.16) and (4.17) have been previously derived
by Townsend (1976). The last two can be coupled to derive an equation for the energy

conservation:
1
2 2
< +2k> E @,Hr( +2Kk)2N2d5 =0, (4.18)

These relations can be used to derive other three-dimensional spectrum functions
from @,;. Relation (4.14) can be used to derive @33 and (4.17) can be used to derive
?D,,; (4.16) can be used to derive @, + P;,. To be explicit @, and P33 are obtained as

2 .
D,,(k,t) = = {®,,(k,0) [N?sin 6(1 + cos at) — 1(v — k)*k* cos at
+ (v — kPasinat] + Gs3(k, 0)N*(1 — cosat)} e+ (4.19)
and
2 . .
D3k, t) = — {di,,p(k, 0) sin* O(cosat — 1) + P33(k,0) [—N2 sin” 0(1 + cos at)
+ %(v — k)’k* cosat + (v — k)k*asin ar) } g (R (4.20)

If we assume here again initial isotropy, substitution of (3.11) and (3.12) into (4.9)
gives
N?sin’ 6
4nk?o?
+ asinat (E(k) — 2S(k))} e 0k, (4.21)

B3k, 1) = [—(v — 1)k>(1 — cos az) (E(k) + 25(k))

4.2. Variances and covariances

From (4.21), the vertical density flux (assuming that the initial turbulence is isotropic)
is given in terms of the initial spectrum as

2 o0 7 i3
o (1) = / dke (R / doS Y
2 Jo 0

aZ
X [—(v — 1)k*(1 — cosat) (E(k) + 28 (k) + asinat (E(k) — 25(k))] . (4.22)

In the integration of (4.22), we have to use (4.11) or take the limit of & — 0 in the
integrand where a? < 0. Other covariances are given by

P =N / " dkerR / d9§1;—26
0 0
x {N?sin® 0 [(E(k) + 25(k)) — (E(k) — 25(k)) cos ]
—S(k) [(v — x)’k* cosat — (v — k)k*asinat] }, (4.23)

w(t) = / dke— (oK / d@sm 0
0

x {N?sin’ 6 [(E(k) + 25(k)) + (E(k) — 25(k)) cos at]
— E(k) [%(v —x)*k® cosar + %(v — k)k*asin oct] } . (4.24)

Then we obtain the normalized vertical density flux as pus/ (p u% 2 )t).

and
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The one-dimensional spectrum in the x-direction corresponding to (4.21) and (4.22)
can be calculated as

e 2n
O,n(ki, 1) = / dr / do®,sik, 1)
0 JO

e N v [T ks
F 7€ @ 2
Jo 4n (k% + r2) 0 o

x {—(v — 1) (ki +#*) (1 — cosar) [E ((ki +r")"?) + 28 (ki +rH)?)]
+asinat [E ((ki +rH)Y?) =28 (ki + 7))}, (4.25)

with

(4.26)

<4N2 (ki 4+ r2cos? @) — (v —)* (ki + r2)3>1/2

&= >
ki 4+ r2

where (r, ¢) denotes cylindrical coordinates; k; is the wavenumber in the x-direction,

r 1s the radial distance from the x-axis and ¢ is the azimuthal angle measured around

the x-axis.

An important feature of the three-dimensional spectral function (4.21) is that,
when Pr > 1 (so that v — k > 0), the viscous and diffusive effects act to induce the
countergradient flux at high wavenumber k because of the term containing —(v — x)k?.
On the other hand, when Pr < 1 (ie. v—k < 0), the viscous and diffusive effects act to
prevent the countergradient flux at high wavenumber. The covariance pus(t) given by
(4.22) has the same feature. This explains why the water tank experiments for Pr > 1
{Pr = 6 (thermal stratification), Pr = 600 (salt stratification), e.g. Itsweire et al. 1986;
Komori & Nagata 1995) often show a stronger countergradient flux than the wind
tunnel experiments (Pr = 0.7 < 1) (e.g. Lienhard & Van Atta 1990). We should
note that the initial isotropy assumed in (4.21) and thereafter is not essential to
this result since the general three-dimensional spectrum function (4.9) has the same
character. In DNS, Gerz & Yamazaki (1993) found in their three-dimensional spectra
a persistent countergradient flux at high radial wavenumber when Pr = 2, but did
not observe it when Pr = 1 (see their figure 14). When Pr = 1, o becomes simply
o = 2N sin 6§ and (4.21) oscillates like sin(2Ntsin #), with no dependence on the radial
wavenumber k. This shows that all the radial wavenumber components oscillate in
phase.

To see the special character of the turbulence when Pr =1 (ie. v — k = 0) we write
the covariances in this case explicitly:

Pis(t) = % / * dk (E(k) — 28 (k)) e 2" / df sin’ 0 sin(2N' sin 6), (4.27)
0 0

-5 _ N2 = ~2vkt
pA(t) = u {/0 dk 2(E(k) +2S(k))e

- / dk (E(k) — 28 (k))e 2% / dfsinf cos(2Ntsin0)|, (4.28)
0 0
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and
(1) = ul(t)

- / "k (LEK) + 1S(k)) 72+
0

+ % / dk (E(k) — 2S(k)) e 2" / d6 cos? 0 sin @ cos(2Nt sin §), (4.29)
0 0

(1) = j—‘ { /0 dkd(E(k) + 28 (k)) e~
+ / ) dk (E(k) — 2S(k)) e ¥t / ' dfsin® 6 cos(2Ntsin6)|.  (4.30)
0 0

The oscillation periods of these functions are independent of the initial condition
E(k) and S(k). They do not depend even on KE; and PE,. They are determined only
by the integrals such as

/ df sin’ 8 sin(2Nt sin 9), (4.31)
0

which are identical to those that determine the time development of the inviscid flux
(3.19)-(3.22). Then the zeros of the vertical density flux pu3(t), which correspond to
the onset and disappearance of countergradient flux, agree with the inviscid result.
Many studies using DNS have focused on the case of Pr =1 (e.g. Riley et al. 1981,
Métais & Herring 1989; Gerz & Yamazaki 1993). Our analysis shows that this case
has rather special properties. The zeros for air-flow experiments, where Pr = 0.7,
display similar results to those for Pr = 1. This explains why in many previous
studies, the time at which the vertical flux vanishes does not show much sensitivity to
the initial conditions. The amplitude of the oscillation is determined by E(k) — 2S(k),
so that the time oscillation vanishes if E(k) = 2S(k). P

What is interesting in the ‘normalized’ vertical density flux pit3/(p? 43 )(¢) is that,
when Pr = 1 and also E(k) and S(k) have the same form except for the multiplying
constant, the normalized flux becomes exactly identical to the inviscid flux. As we see
from (4.27), (4.28) and (4.30), if S(k) is proportional to E(k), i.e. S(k) = CE(k) and C
is a constant (= PEy/KFEy = 0), the integrals over k are cancelled out in deriving the
normalized flux. Then the flux becomes identical to the inviscid flux calculated from
(3.19), (3.21) and (3.22) assuming PEy = CKE,:

- (1-20) / df sin® 8 sin(2Nt sin 0)
3 0
—1/2=1/2 n 1/2
pe 3 {2(1+2C)—(1—2C)/ d0sin0cos(2Ntsin0)]

0

1

- 7 (432)
[3(1 +2C)+ (1 -20) / df sin® 6 cos(2Nt sin 9)]
0

When E(k) =0 (i.e. KEy = 0), the normalized flux again agrees with the inviscid flux
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and it becomes

/ df sin’ O sin(2N¢ sin 6)

puy Jo
—12—12 = x 12 o 12’
pr o u3 {2 + / d0 sin 0 cos(2N't sin 0)] [% - / dfsin’  cos(2Nt sin 0)
Jo ’ 0
433)

which is consistent with (4.32) in the limit of C — oc.

In these cases, we can examine the purely nonlinear effects (without the effects of
viscosity/diffusion) by comparing the normalized flux of RDT with those of DNS
and laboratory experiments, or more generally, by considering the non-dimensional
‘ratios’ of the covariances, including the anisotropy tensor (see figure 4 of §5). In
laboratory experiments, the initial normalized flux is usually zero, implying neither
KEy = 0 nor PEy, = 0. As we have seen in §3.2, if PEy = 0, the initial normalized

flux should be pw/(p? wl Mt — 0) = 1 # 0, and if KEo = 0, it should be

ﬁﬂ}/(?l/zuﬁl/z)(t — 0) = —(5/6)"> = —0.913 # 0. On the other hand, the main
results of DNS by Gerz & Yamazaki (1993) (their cases A, B, C and H) and some
of the results by Métais & Herring (1989) are for Pr = 1 with KE; = 0 or PE; = 0.
Their results, which correspond to these cases, are compared with our RDT results
in §S.

The one-dimensional cospectrum given by (4.25) shows that, when Pr > 1 (ie. v —
K > 0), the viscous and diffusive effects act to enforce the countergradient flux at high
wavenumber k;. On the other hand, when Pr < 1, the viscous and diffusive effects
act to reduce the countergradient at high wavenumber. However, (4.25) has a rather

complicated form and when Pr = 1 it becomes

_ N * 1 —2v(kZ+ri )t o 2 2\ 1/2 2 2 2 172
O, (ki t)= g;/o drme (ki ).o do (ki +r%)"" (ki +r* cos® p)

(ki ++r?cos® ) 12
(k3 +r2)"?

The effect of Pr is not straightforward. Even when Pr = 1, calculation of
(4.34) shows the appearance of a countergradient flux at high wavenumbers. Since
(k? + r* cos? ¢)!/? /(k? + r?)'/? increases monotonically with ki, the oscillation period
is smaller for larger k;. This is the reason why the high-wavenumber components
‘become countergradient’ sooner. Note that this does not lead to the countergradient
flux which is ‘persistently localized’ at high wavenumbers. This is merely a transitory
countergradient flux at high wavenumbers. We consider this problem again in §5
(figure 6).

The short-time approximations (t<1) of the covariances in the presence of viscous
and diffusive effects give the same results as for the inviscid theory at the leading
order. For the calculation of the long-time approximations (r>1) of the density
variance, we first rewrite (4.23) in the following form:

A1) = N? /‘(m)

0

x sin <2Nt > [E ((ki +r)'7) =28 (ki +r)Y2)] . (4.34)

dk / d9e“"+’c’k2‘§:7—0N2 sin” 0 (E(k) + 2S (k)"
Jo -

+N2/( )u,dk/ b+ 00 N2 in2 0 (E (k) + 254"
J(2N"? o *

k]
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AV_)I/Z

(& 0 , ()
+ N2 / TV dk [ dge R ising {—NZ sin? 0 (E(k) — 25 (k)) 2%
0 01

aZ
) : )
— S(k) [(v _ K)2k49252it — (v — Kk sin ot ] }
o o
" * (v
wa [ ot /( X dke ™0+ gin g {N2 sin’ 0 (5 (k) — 25 k) 5
0 =N
) . i)
+S(k) [(v — )k CO;};ﬁ - ;c)kz———smlﬁ1 bt ] } (4.35)
where
=i, (4.36)
and
br=cos”b (0<0<T). G=cos(b) (F<0<n),  (437)
with
1/2
_ (v —x)k*
b= <1 - =) (4.38)

In the first and second integrals of (4.35), i.e. the terms with superscript (I) and (II),
the dominant contribution to the integral comes from k — 0. In the third integral
(terms (II1)<(V)), the dominant contribution comes from the dual limit of k¥ — 0 and
0 — n/2. In the forth integral (terms (VI)—~(VIII)) the dominant contribution comes
from the dual limit of k — kg and @ — 0, =, where k; is given by

22 2\ V4
ke = (N sin“ 8 (v + «) ) ‘ (439)

vic|v — kf?

If we assume that E(k) and S(k) near k = 0, which must be of even order of k,
have the same form except the multiplying constant:

E(k) = agk? (I > 1, I : integer), (4.40)

S(k) = ask? (1> 1, I : integer), (4.41)

the term with superscript (1) decays like oc t~(*1/2) in the long-time limit (¢ — o0), the
term with superscript (II') decays exponentially with time, the term with superscript
(IIT) decays like oc =1, the term with superscript (IV) decays like oc ~(+3 the term
with superscript (V) decays like oc t~/*2) and the terms with superscripts (VI),(VII)
and (VIII') decay like oc ¢~(1+5/2),

Then the dominant term in the long-time limit is the first integral with superscript
(I) and the result is

— N? (21— )!n'/?
2() = >
pAHt) = 5 (ag + 2ag) I (0 g )R g (t>1). (4.42)
The values of E and pu3 can be calculated similarly as
— 21— al/?
ul(t) = 3 (ag + 2as) ( ) (t>1), (4.43)

2+ (y )2 172
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and
(21 = )Nz n
2H”v+KyHﬂwﬁmn@Nr—Z)U>U. (4.44)
These results show that, if E(k),S(k) oc k? in the limit of k — 0 (ie. if [ = 1) as
noted by Saffman (1967), we obtain

puz(t) = (ag — 2as)

3,2

022 oc 172, pus o 172, (4.45)
3

and if E(k),S(k) oc k* in the limit of k — 0 (i.e. if [ = 2) (cf. Batchelor & Proudman,
1956) as used in most of the DNS of the final decay of turbulence (Riley et al. 1981;
Metais & Herring 1989; Gerz & Yamazaki 1993),

P2l oo 1752 P oc 17, (4.46)

From (4.42), (4.43) and (4.44) we note that the normalized vertical density flux in
the long-time limit becomes
pu;  (ap — 2as) (6m)"/*
—12512 " (ag + 2ag) 4N1/2t1/2
pT U3

sin (zm - 245) , (4.47)

irrespective of the forms of E(k) and S(k) near k = 0. It shows a decaying oscillation
with decay rate ~!/2 and an oscillation period z/N. Even when E(k) and S(k)
have different functional forms near k = 0, we can still use (4.47) by substituting
ag = Q if E(k) decays faster than S(k) near k = 0, or by substituting as = 0 if S(k)
decays faster than E(k) near k = 0. The functional form of (4.47) is the same as the
inviscid normalized flux (which is easily derived from the results of §3) except for

the multiplying constant. Thus the normalized vertical density flux puiz/ (?1/2@1/2) in
the long-time limit always shows a decaying oscillation with decay rate t~'/? and an
oscillation period /N, irrespective of any initial conditions at least in so far as the
turbulence is initially isotropic.

We see from (4.42) and (4.43) that, in the long-time limit (f — c0), the ratio of the
potential energy to the vertical kinetic energy becomes

(1/2N%)p> _ 3

1.2 2
2U3

ER= (4.48)

As discussed in §3, this value is identical with the inviscid result and broadly agrees
with the existing observations, experiments and LES results. Note that the result
holds independently of the Prandtl number Pr, Reynolds number Re, Froude number
Fr and the initial conditions (other than the important assumption of initial isotropy).
Although the results (4.42) and (4.43) depend on the functional forms of E(k) and
S(k) near k = 0, the ratio (4.48) does not depend on these functional forms. Even
when E(k) and S(k) have different forms, the one which shows slower decay as k — 0
(i.e. oc k¥ (k — 0) with smaller ) gives the main contribution to (4.42) and (4.43). The
ratio (4.48) is independent of E(k) and S(k). An alternative explanation is that, in the
long-time limit p2(¢) given by (4.35) is dominated by the first term with superscript
(I), and the main contribution to the integral comes from near k = 0. Then, p? is
approximated by

2 oC
%-/‘dm4“ﬂ“%Ew)+2am)a>n. (4.49)
0
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The corresponding leading term in 3 is

% /0 - dke TRt (E(k) 4 28 (k) (1> 1). (4.50)

If we take the ratio of these leading terms, the integrals are cancelled irrespective
of the forms of E(k) and S(k), leading to (4.48). In (4.49) and (4.50), the integrand has
the same form as the steady part of the corresponding inviscid covariances, except the
exponentially decaying factor e~¢+"¥"¢_ This is the reason why the viscous/diffusive
and the inviscid results give the same ratio (4.48).

For large Prandtl number (Pr»1) flow, Pearson & Linden (1983) noted under
the condition N sin/{(v — k)k*} <1 that the mode corresponding to g; decays more
slowly than the mode of ¢,. Here ¢q; and ¢, are the eigenvalues of the linear
system (2.1) and (2.2), as given in (4.5) and (4.6). In usual laboratory experiments
performed in an apparatus with a finite horizontal size D, there is 2 minimum in the
horizontal wavenumber kg which is given by kg,.;, = 2r/D. In such cases one vertical
wavenumber decays most slowly, namely k3 = (2N%k%,.,,/vk)/¢. This result can be
obtained by seeking the wavenumber which makes |¢;| minimum under the three
prescribed restrictions, i.e. Pr>1, Nsin0/{(v — k)k*}<1 and kg, = 2n/D. Although
they did not calculate the fluxes and did not consider the integrated effects over
k-space, this theoretical vertical scale was in good agreement with the experiments by
Linden (1980).

It is of interest to note that in the fourth integral of (4.35), ie. in the (VI), (VII)
and (VII) terms, the main contribution comes from the wavenumber components
given by (4.39). In the limit of Pr»1, this value of k, agrees with that of the
‘most slowly decaying mode’ given by Pearson & Linden (1983) (see their equation
(12)). The main contribution to the fourth integral comes from the coexisting
limit of sinf = ky/k — 0 as we have shown already, indicating that this integral
shows the decay in horizontal layers as observed by Pearson & Linden (1983).
The integral contains only the contribution from imaginary « (high-wavenumber
components which satisfy N sin 8/{|v—«lk?} < 1/2) and this is similar to the condition
Nsin6/{(v — x)k*} <1 assumed in Pearson & Linden (1983) along with Pr>1. Then
the integral comprises the ‘generalized’ conditions for the decay in horizontal layers,
without strong limitations of Pr>1 or Nsin8/{(v — k)k?}<1. However, as we have
seen already, this integral decays like oc t~("*/2) in the limit of t — oo and decays
faster than the first integral of (4.35) as given by (4.42). If the flow is unbounded
as is assumed in this analysis, the most slowly decaying mode has the wavenumber
k — 0, and the main contribution to the integral in the k-space also comes from
near k = 0 in the long-time limit. If the flow is bounded as in Pearson & Linden’s
(1983) experiments, the wavenumber components that contribute most become non-
zero and the decay rate is different. Further analyses are necessary to assess the
effect of the boundedness of the fluid. It is important to note that only the fourth
integral represents the decay in horizontal layers, even if it does not decay most
slowly.

It 1s significant that the horizontal layering occurs independent of the Prandtl
number when Pr # 1. On the other hand, when Pr = 1 (v — k = 0), the integration
region vanishes in the fourth integral of (4.35) since (2N sin 8/ |v — k|)'/? — 0. Indeed
(4.28) is reminiscent of the first and third integrals of (4.35), which do not show a
decay in horizontal layers. Thus the horizontal layering does not occur when Pr = 1.

A striking feature of homogeneous stratified turbulence is that initially (when
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Fr>1) it decays at much the same rate as neutrally stratified turbulence (e.g. Brit-
ter et al. 1983). In this range, the stratification has an enormous effect on vertical
diffusion. But when Fr < 1, it is observed that the turbulence changes into layer-
like motions, as in Pearson & Linden (1983). We can explain this phenomenon by
considering the change to an effective turbulent Prandtl number Pr, based on the
eddy diffusion for scalar and momentum, which can be substituted for Pr in our
analysis to investigate the nonlinear effects. For neutral turbulence (i.e. Fr;»>1) the
turbulent Prandtl number satisfies Pr, < 1 (Townsend 1976), while for stably strat-
ified turbulence, when Fr; < 1, Pr,»>1. Our results described above are consistent
with the observations that, in the parameter region of Pr, = 1, as in the initial time
development of the stratified turbulence, layering does not occur and the decay is
largely isotropic. They also explain that, as the turbulence decays with time and
Pr, becomes larger (Pr,» 1), the layering as observed by Pearson & Linden (1983)
occurs,

Using DNS, Gerz & Yamazaki (1993) computed covariances using a coarse (64°)
and a fine (128°) grid. They found an increasing difference over time, which reaches
a maximum at Nt/2n ~ 0.25, which they explained as due to the differences in high-
wavenumber components (see their figures 11 and 12¢,¢). However, the difference
decreases again with time and at Nt/2z ~ 0.5 almost vanishes. This suggests
that the contribution from low-wavenumber components becomes dominant and the
differences at high wavenumbers becomes less important in the long time. Because of
the periodic boundary condition, DNS can resolve the ‘large’ scale only to the scale
of integer wavenumber 1. This leads again to the significant differences between DNS
and RDT resuits after a further longer pertods.

We finally note the behaviour of the ‘quad’ antiphase-spectrum Q,;. Using RDT,
this can be calculated as

iTT——A_K
Qpilk,t) = “‘EP'M —u3"p
= Q,3(k,0)e ¢+ (4.51)

This shows that, if the initial value is Q,3(k,0) = 0, then Q,3(k,t) = 0 for all time.
The measurement of the phase angle § = tan™'(Q,3/®,3) in the experiments (figure
22 of Lienhard & Van Atta 1990; figure 16 of Yoon & Warhaft 1990) shows that
initially 0 ~ 180° except at high wavenumbers where ®,; ~ 0. Therefore Q,3(k,0) ~ 0.
Although the experiments show that 8 fluctuates rapidly with the wavenumber when
the vertical density flux pu; vanishes, it does not necessarily mean that Q,3(k, ) takes
large values. If the initial quad spectrum Q,3(k,0), and therefore Q,3(k,t) have small
deviations from zero, a large scatter of phase angle 0 results when @,; ~ 0.

5. Comparison with DNS and experiments

Now we compare our theory with the existing direct numerical simulations and
laboratory experiments. In ail the examples shown below for comparison with DNS
and experiments, we use an initial isotropic kinetic turbulent energy spectrum E(k)

which satisfies (3.13):
2\ /2’ 2
E(k) = KEO (§;> (7{8) k4e_2k /ko, (51)
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with ko being the peak wavenumber. For the potential energy spectrum S(k) we use
the same form as the kinetic energy spectrum which is given by

2 1/2 2 5 2 /12
sw=reo(5:) (7)) v 52)

and satisfies (3.14). These spectral forms correspond to the final period of decay
of turbulence and have been used in the relevant DNS for unsheared flows (Riley
et al. 1981; Meétais & Herring 1989; Gerz & Yamazaki 1993). These give E(k), S(k) oc
k* in the limit of k — 0. In the experiments, E(k), S(k) oc k? is more usual. However,
the use of

16\ k? 2 162 k2 20
E(k) = KE, (7) Ege Kk, S(k) = PE, (?> k—ge Kk, (5.3)

which gives E(k),S(k) oc k? (k — 0) did not show qualitative differences in the
subsequent results, except for the decay rate of the turbulence. Therefore, we use
(5.1) and (5.2) throughout the paper for comparison with both the DNS and the
experiments. Some differences due to the initial spectral forms observed in comparison
with the experiments are described where appropriate.

Figure 2(a) shows the time development of the normalized vertical density flux
obtained by Gerz & Yamazaki (1993) for Pr = 1. In this example the initial kinetic
energy is zero (KEy = 0) and the potential energy spectrum is given by (5.2). They
showed that, when the initial potential energy is large (their case B has energy 256
times larger than case C, and case A has energy 16 times larger), the flux decays

faster with time and the oscillation period increases for Nt/2r > 1.5. Note here
—1/2=51/2 —, 12512, . .
that pis/(p? / u3 ! )= ~Tusy/(T? / u3 ), if the perturbation temperature T is used

instead of the perturbation density. Although Gerz & Yamazaki (1993) did not
give the time development of the turbulent Froude number Fr, the energy transfer
spectrum decays with time and even in their most energetic case B, it decays to a
very small value after Nt/2n = 0.48, showing that the nonlinear effect would be
negligible after that time. Since Pr = 1 and KEy = 0, the fluxes obtained by RDT
with viscous and diffusive effects agree with the inviscid fluxes as given by (4.33).
The RDT results do not depend on the form of S(k). This is shown in figure 2(b).
Since (4.33) depends only on Nt and not on v or « (i.e. Re or Fr), the difference
between figures 2(a) and 2(b) comes only from the nonlinear effect. Gerz & Yamazaki
(1993) argued that their case C, which has the smallest turbulence energy, shows
very weak nonlinearity since the oscillation period is approximately Nt = n. This
is verified here by the almost complete agreement between their case C and RDT
results for Nt/2n < 2.5. We see also that the amplitude agrees well. Some differences
for larger times (ie. Nt/2m > 2.5) are likely to arise because DNS cannot resolve
the larger scales (k ~ 0) whose effect becomes dominant after a long time. We can
say that the stronger decay and the increase of the period notable in cases A and B
are the purely nonlinear effect due to the large turbulence energy. Gerz & Yamazaki
argued, quoting a personal communication from H. Wijesekera, that the majority
of turbulent patches observed in the ocean correspond to their case C, although
noticeable minority correspond to their case B. Thus, case C is representative of the
natural turbulence in geophysical contexts.

As has been noted in §3, the large negative initial value of the normalized flux at
t = 0 (strong countergradient flux) given by DNS (= —0.913) agrees with the inviscid
RDT result (= —(5/6)'/? = —0.913). In this case the effect of viscosity/diffusion is
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FiIGURE 2. Time development of the normalized vertical density flux when Pr = 1 and KE; = 0.
(a) DNS results by Gerz & Yamazaki (1993, figure 8): ————, case A (PEy = 0.46 in their
units); — — — ——, case B (PEy = 7.37); - —— — - — , case C (PEy = 0.029). (b) RDT. In DNS the

nonlinear effect would be negligible when Nt¢/2n > 0.48.

absent even in a long-time development when the results are solely due to linear
effects.

Figure 3 shows the comparison of the normalized vertical density flux obtained
by RDT with the DNS results by Métais & Herring (1989). In this case Pr = 1
and PEy/KE, = 0.05. In DNS the turbulent Froude number satisfies Fr < 1 when
Nt > 2 (figure 7 of Métais & Herring 1989) and the RDT would be applicable for
that period. In RDT we assume the same form for E(k) and S(k) as in (5.1) and (5.2),
and the normalized flux agrees with the inviscid flux as has been shown in (4.32). The
form of E(k) is the same in DNS and RDT, and is given by (5.1). However, in DNS,
an unstratified calculation was done before stratification was switched on at time
t = 0.685 to match the experimental conditions. This causes a change in the ‘initial
kinetic energy spectrum and leads to the uncertainty in the initial condition necessary
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FIGURe 3. Time development of the normalized vertical density flux when Pr = 1 and
PEy/KEy = 0.05. — — — —, DNS by Meétais & Herring (1989, figure 3); ————, RDT.

In DNS Fr < 1 is satisfied when Nt > 2.

for the comparison with RDT results. Recent similar DNS by the same group
(Kimura & Herring 1996) shows that, at the time when the stratification is switched
on, the spectrum near k = 0 gives approximately E(k) oc k? and is different from
E(k) oc k*, which is given by (5.1). This difference leads to the different subsequent
time development. The functional form of S(k) is not explicitly given in the paper
of Métais & Herring (1989). There is also an uncertainty in the spectral form of
S(k) used in DNS. These differences in the initial conditions make the comparison
between DNS and RDT incomplete.

However, as equation (4.27) shows, the zeros of the flux are independent of E(k)
and S(k) when Pr = 1, and the differences between zeros of the flux result purely
from nonlinear effects. We find that third and fourth zeros agree but second and
fifth zeros show some differences. On the other hand, figure 2(a) shows that, even
when the turbulence energy is very large, the zeros agree with the RDT, at least for
the first five zeros. This suggests that the difference of some zeros is not an effect of
nonlinearity. The effect of some numerical errors in DNS is a plausible explanation
here. We note that the initial peak value of the normalized flux agrees fairly well
if we use the same PEy/KE, in DNS and RDT. This illustrates the importance of
the initial conditions KEy and PE, in the unsteady turbulence. The faster decay of
the normalized flux in DNS would be the nonlinear effect since (4.47) shows that the
decay rate in the long-time limit is independent of the initial spectrum form.

Figure 4 shows the time development of the trace components of the anisotropy
tensor defined by

by = — 1 (5:4)

g+ 3
When b; = 0 (i = 1,2,3), the turbulence is isotropic. Figure 4(a), which is case C
(small turbulence energy) of Gerz & Yamazaki (1993), agrees quantitatively with the
RDT result given in figure 4(b). When Pr = 1 and E(k) = 0, the anisotropy tensor in
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FIGURE 4. Time development of the trace components of the anisotropy tensor b;(i = 1,2,3) when
Pr =1 and KE; = 0. (a) DNS by Gerz & Yamazaki(1993, figure 9¢) (b) RDT.

RDT agrees with the inviscid result, since the integrals containing S(k) are cancelled
out. The trace components are

1 " :
L / df cos’ 0sin 0 cos(2N't sin 0)
6 4/, 1
b]l = bZZ = 1 T 1 T - 5>
1 — 5 / df cos’ 0 sin 0 cos(2N't sin 0) — 3 / df sin’ 0 cos(2Nt sin )
0 0

(5.5)

and

2 1 /"
~—§/ df sin® 6 cos(2N't sin 0)

3 1
b33 = 1 7 g 1 7 7 (56)
1—- 3 / df cos® 0 sin 0 cos(2N't sin §) — 3 / d6 sin® 0 cos(2Nt sin 0)
0 0
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In the limit of r — 0, we obtain

by = by = —i, (5.7)
by = %, (5.8)
and in the long-time limit (1 — o) we obtain
by =byp= ”%, (5.9
by = 1. (5.10)

These agree well with the DNS results by Gerz & Yamazaki (1993). The small
difference at long time can only come from the weak nonlinearity and the effect of
the periodic boundary conditions used in DNS.

Figure 5 shows the comparison of the normalized flux with air flow experiments by
Yoon & Warhaft (1990). In this case, Pr = 0.7, Re = 4050, Fr = 84.8. If we set the
ratio PEy/KEqy = 0.15 so that the initial peak value of the normalized flux (0.68) agrees,
subsequent time development agrees well. It seems that the excitation of turbulence
begins earlier than t = 0 in the experiment. The agreement is remarkable considering

the likely difference in the initial spectral form of E(k) and S(k). Note the weak
—1/2—1/2
countergradient flux ( [—f)u_3/(p21/2u§ / Vmax = 0.2) 1n this case (Pr < 1) compared to

the previous cases (figures 2 and 3) where Pr = 1. The weak countergradient flux for
Pr < 1 can be inferred from our expression for the flux (4.22) as discussed in §4.

Figure 6 shows the corresponding one-dimensional cospectrum —k;®(k;). In
these figures, positive —k;@,3(k;) means countergradient flux. The vertical scale of
the RDT results is arbitrary since the modulus of —®&,3(k;) is proportional to the
initial energy of the turbulence. We can easily determine the initial energy so that the
order of magnitude agrees with the experiments. In spite of the likely difference in
the initial energy spectrum forms E(k) and S(k), the time development is qualitatively
the same in these figures.

We see that the countergradient flux is retarded at high wavenumber, while it
occurs faster at lower wavenumbers. These results for low Prandtl number flow
(Pr < 1) can be inferred from (4.25). In this case there is a slow development
of the countergradient flux at much lower wavenumbers. We should note that the
one-dimensional cospectrum (4.25) has a more complicated form than the three-
dimensional cospectrum (4.21), so that this development of the countergradient flux
at the lowest wavenumbers is not as easily apparent, but can be clarified from (4.25).
In fact, the precursor countergradient flux at high wavenumbers occurs even when
Pr =1 as we discussed in §4! This effect is still apparent at Pr = 0.7. Some of
these complex differences do not occur in the three-dimensional spectral functions, so
that cautious interpretation is necessary of experiments where only one-dimensional
spectra are measured.

In figure 6 we observe that the peak wavenumber k; in the one-dimensional
cospectrum is lower in the experiments than in RDT. This would be partly due to
the difference in the initial energy spectrum forms of E(k) and S(k). As noted at the
beginning of this section, the spectrum in the usual experiments has an asymptotic
form more similar to E(k),S(k) oc k? (k — 0), which is different from E(k),S(k) oc k*
(k — 0) used in the RDT (figure 6b). Indeed if we use (5.3) instead of (5.1) and (5.2)
in the RDT, the peak wavenumber decreases and approaches the experimental value.

A further comparison with the air flow experiments by Lienhard & Van Atta (1990)
(their case of N = 2.42 s7! and mesh size Lo = 5.08 c¢cm) is shown in figure 7. In
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FIGURe 5. Time development of the normalized vertical density flux when Pr = 0.7. (a) Wind
tunnel experiments by Yoon & Warhaft (1990, figure 14b, Fr < 1 when Nt/2n > 0.15): A,
Fr = 84.8,Re = 4050; o, Fr = 114,Re = 5100; +, Fr = 127,Re = 6070; o, Fr = 192, Re = 6040;
A, Fr = 253 Re = 5670. Wind tunnel experiments by Lienhard & Van Atta (1990, figure 2b,
Fr < 1 when Nt/2z > 025); O, Fr = 17.1,Re = 7100; B, Fr = 22,Re = 7900. (b) RDT
(Fr = 84.8, Re = 4050, PEy/KEy = 0.15, ky = 30).

this case Pr = 0.7, Re = 7100, Fr = 17.1 and PE,/KE, = 0.14. Here, PE,/KE, is
estimated from its value at their most upstream measuring point. In their experiments,
countergradient flux, if it occur is very weak. Very weak (or vanishing) countergradient
flux at Pr = 0.7 cannot be explained by RDT, although the reduction of Pr from
1 leads to larger cogradient flux and weaker countergradient flux as we can infer
from (4.25). A countergradient flux localized at low wavenumbers (see their figure 20)
requires an explanation based on the nonlinearity of turbulence. As discussed in §2,
the validity of RDT is high when the turbulent Froude number Fr is small. As shown
in figure 18 of Yoon & Warhaft (1990), Fr is smaller (about 1/2) in the experiment
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FiGURE 6. Time development of the one-dimensional spectrum —k; @ y3(ky, t) corresponding to figure
5 (Pr = 0.7, Fr = 848, Re = 4050). (a) Wind tunnel experiments by Yoon & Warhaft (1990,
figure 15b, x:distance from the grid, M :mesh length of the grid, Fr < 1 where x/M > 76.5.) (i)
x/M = 36.5; (i) 76.5; (iii) 116.5; (iv) 156.5; (v) 196.5; (vi) 236.5. (b) RDT (PEy/KE,; = 0.15,
ko = 30).

of Yoon & Warhaft (1990) than in the experiment by Lienhard & Van Atta (1990)
at least for the initial stage 0 < Nt/2n < 0.4. Thus the nonlinear effect is smaller
in the experiment of Yoon & Warhaft (1990). This explains why the experiments
by Yoon & Warhaft (1990) give better agreement with RDT. In figure 5(a), Fr <1
where Nt/2n > 0.15 (Yoon & Warhaft 1990, figure 18), while in figure 7(a), Fr <1
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FIGURE 7. Time development of the normalized vertical density flux when Pr = 0.7. (a) Wind
tunnel experiments by Lienhard & Van Atta (1990, figure 2b, Fr < 1 when Nt/2n > 0.25): o,
Fr = 17.1,Re = 7100; O, Fr = 22,Re = 7900; V, Fr = 33, Re = 8400; x, Fr = 42, Re = 8400; +,
Fr ~ 31, Re = 3400; *, Fr = 47, Re = 4400; O, Fr ~ 62, Re ~ 4200. (b) RDT (Fr = 17.1, Re = 7100,
PEy/KEy = 0.14, kg = 30).

only where Nt/2n > 0.25. Yoon & Warhaft also considered the difference in the
ratio of the initial temperature fluctuations to the mean flow energy as one of the
possible explanations for the different strength of the countergradient flux in the two
experiments. In their most stable cases, the ratio in the experiments by Lienhard &
Van Atta was about five times larger than that in Yoon & Warhaft. According to
Yoon & Warhaft(1990), Dr M. Rogers found in his DNS that if his code is run with
substantial initial temperature fuctuations, no counter heat flux occurs. Therefore,
their surmise is consistent with our explanation.

If we consider the modelling of turbulence, we should use a lower effective Prandtl
number so that the countergradient flux becomes weaker. At the same time, we have
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to use a smaller Reynolds number so that the cogradient flux does not become too
large.

It is of interest here to note the time development of u?(t) and u_§(t). In the
experiments by Lienhard & Van Atta (1990, figures S, 6) and Yoon & Warhaft
(1990, figure 4), they note that u?(t) shows similar decay to isotropic unstratified

turbulence, almost independent of the Froude number Fr. On the other hand, ui(?)
shows deviations from the isotropic value at long time, which are larger for stronger
stratification (smaller Fr). These results can be qualitatively explained by (4.24) or
(4.29) of our theory. First consider u3(t) given by (4.24). When time t is small, the
contributions from the term

E(k) [3(v — x)%k* cos at + 5(v — r)k?asin at] (5.11)

are large especially at high wavenumber since this term contains k* and k2. This term
represents essentially a no-stratification (isotropic turbulence) effect and exists even
when N = x = 0, showing simple exponential decay of E(k) with time. Note here
that this term does not oscillate with time at large k, since a becomes pure imaginary.
However, the effect of this term decays rapidly because the high-wavenumber compo-
nents decay faster with time owing to the viscosity and the diffusion. The examination
of the contribution of the two terms in (4.24) in the long-time limit (¢ — oc) shows
that the effect of the first term of (5.11) decays like t~(*3 and the second term of
(5.11) decays like t~(+2 if the initial spectra are given by (4.40) and (4.41). Where o is
imaginary, (5.11) is the ‘Pearson & Linden’ mode discussed in §4.2 but it decays faster
like t~#*%/2) Then, as time goes on, the effect of the lower-wavenumber components
becomes dominant. At this stage, the effect of the term

N2sin® 0 [(E(k) + 2S(k)) + (E(k) — 25(k)) cos at] (5.12)

becomes dominant. At low wavenumbers with real «, this term shows oscillatory
behaviour with time, leading to the oscillation of u3(t) particularly when N is large.
The experimental results reported by Yoon & Warhaft (1990, figure 4) show the
time oscillation of u3(r) at their lowest Froude number Fr (at largest N). Their
measurement of the time development of @s; (their figure 5) shows that only the low-
wavenumber components oscillate with time, while the high-wavenumber components
show monotonic decay. This is again consistent with our results. When the time ¢
becomes much larger (t — o), only the first term of (5.12), i.e. N? sin® B(E(k) + 28 (k)),
becomes effective and (4.24) reduces to (4.50). Then the oscillations must cease in the
long time. Examination of the contribution of (5.12) in the integral representation of
u3(t) shows that in the long-time limit, the first term of (5.12) decays like t=(+1/?) while
the second term decays like t~/*1. This is consistent with our qualitative discussions
above. .

We should note at the same time that the previous experimental data for u3(t) and

u3(t) are usually plotted as functions of the distance from the grid x/M, i.e. of t, and
not of Nt. Since the oscillatory behaviour in (4.24) is mainly regulated by Nt, a larger
time t is necessary to identify the oscillation if N is small. This is exactly true when
Pr =1 (see (4.30)). Even when Pr + 1, in which case the integral of the complicated
function of at (see (4.24)) determine the time development, the main contribution as
time elapses comes from near k = 0 and @ = /2, which makes « = 2N. This might

be another reason why in the previous experiments the oscillation in ZE(z) was not
observed when N is small.
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Next we consider u3(t). Since the expression for u3(t) for general Pr is lengthy, we
have not given the results in §4. However, we can predict the qualitative behaviour
from the results for Pr = 1 given by (4.29). As we have seen in the inviscid results
(§3), the integral

/ df cos® 0sin 6 cos(2Nt sin 6) (5.13)
0

in (4.29) becomes zero if we apply the steepest descents. This shows that this integral
decays faster than oc /2. We could see this effect also in the difference between
figures 1(a) and 1(b), where the results were for inviscid fluid. Since the integral (5.13)
is the only part in the expression for #3(r) that contains N, the effect of stratification
decays very rapidly in u?(¢) compared to #5(t). This explains why in the experiments,
the effect of N (or Fr), in particular the oscillatory behaviour with time, was not
observed in the time development of u?(r). As we have seen in figure 4, for the time
development of the anisotropy tensor b;,b, and b; there is quantitative agreement
between DNS and RDT when the initial turbulence energy is small. This indeed shows
that if the nonlinear effect is weak, RDT predicts quantitatively the time development
of u3(¢) and u3(¢).

From the results of a DNS similar to Métais & Herring (1989), Kimura & Herring

(1996) calculated the velocity gradient skewness factors S, = —(0u/dx)?/(du/ 6x)23/2

and S, = —((3w/(3z)3/(6w/6z)23/2 and showed that S. reduces to nearly zero more
rapidly with time than S,. This suggests that the nonlinear energy transfer in the
horizontal direction, which would be indicated by S,, is less easily suppressed by the
stratification and this would also explain why u(t), compared to u%(t), shows a decay
rate more similar to isotropic neutral turbulence (Fr = c0), in which nonlinear effects
are larger.

Figure 8 shows the comparison with the thermally stratified water experiments
by Komori & Nagata (1995). Their experiments are for two-layer flow and not
for a continously stratified flow, but their one-dimensional cospectrum shows clearly
the effect of the large Prandtl number (Pr > 1). Here, Pr = 6, Re = 2500,
Fr = 2.86 (at the interface of the two fluids) and the value of PE,/KE, estimated
from the initial maximum of their normalized vertial density flux (~ 0.6) is 0.11.
The comparison with RDT results shows good agreement in that the enhanced
countergradient flux at high wavenumbers exists. In the salt-water experiments by
Itsweire et al. (1986) no countergradient flux was observed at high wavenumber, but
Lienhard & Van Atta (1990) speculate that this might have been the result of relatively
poor high-wavenumber resolution in their experiments. We should be careful about
the interpretation of the one-dimensional spectrum since, as already noted in §4, a
transitory countergradient flux at high wavenumbers appears even when Pr = L.
However, comparison of the results of Komori & Nagata with the corresponding low
Prandtl number (Pr = 0.7) wind tunnel experiments for two-layer flow by Jayesh &
Warhaft (1994) show clear differences. As in the continuously stratified fiuid, Jayesh
& Warhaft found that countergradient flux first appears at low wavenumbers. We
should mention here that in figure 8(a), the turbulent Froude number Fr was less
than 1 where x/M > 10 (Personal communication with Komori & Nagata), showing
the validity of the linear theory there.

To understand the decay of turbulence due to viscosity and diffusion, we show
in figure 9 the time development of the turbulence energy from the DNS of Gerz
& Yamazaki (1993) (their case C, i.e. the case with the smallest turbulence energy)
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FIGURE 8. Time development of the one-dimensional spectrum —f@ ,3(f,t) (f = k1U/2xn) near the
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where x/M > 10). (b) RDT (PEo/KEo = 0.11, ko = 25).
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FiGure 9. Time development of the kinetic, potential and total turbulence energy when Pr = 1 and
KEy=0.———— KE/KEy; — — — —, PE/PEy; — — - — - — , TE/TEy. (a) DNS by Gerz &
Yamazaki (1993, figure Ic). (b) RDT.

and the corresponding results from RDT. In this case Pr = 1, E(k) = 0 and S(k)
has the form of (5.2). RDT the turbulent kinetic energy KE(r) and the turbulent
potential energy PE(t) can be easily calculated from (4.28)-(4.30) by setting E(k) = 0.
Then, the total turbulence energy is obtained as TE(t) = KE(t) + PE(t). The results

are

KE(t) = 108 + 1 + 1)

::%/ &Swwﬂﬁ{y—%/<wmmkaNmmm, (5.14)
0 0
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)
PE(t) NP
1 [ 2 1 /" . .
= 5/ dkS(k)e~2*" [1—{——2—/ dfsin 6 cos(2Ntsin 0)], (5.15)
0 0

and
TE(f) = / dkS (k)e 2+, (5.16)
0

We can calculate this integral analytically by substituting (5.2) and find the decay
ratio to be

* —2vkit
TE(f) =/0 dkShye =( 1 )5/2, (5.17)
TE(0) /°° dks(k) 1+ vk2t
0

Using the same Reynolds number Re = 57.4 and the same peak wavenumber in the
initial energy spectrum ko = (87)!/? as in Gerz & Yamazaki (1993), we obtain the RDT
counterpart (figure 9b) of the DNS results (figure 9a). The comparison is good except
that there is a slightly faster decay in DNS. Thus the effective viscosity/diffusion (in
this case v = k) is a little larger in DNS. If the numerical viscosity is negligible in DNS,
the difference comes only from the nonlinearity. This supports again the conjecture
that, to incorporate nonlinearity effects, use of lower Prandtl and Reynolds numbers
are appropriate. When the nonlinearity is not large, its effect would be well described
by such choices. As we have seen in figures 2 and 4, the non-dimensional ratio of
the covariances agrees excellently with RDT, even when there are some deviations in
the decay rate of each covariances or the turbulent energies (figure 9). This shows
that the functional forms of the covariances are not affected by the nonlinearity, the
only differences being in the effective value of the viscosity/diffusion coefficient or
the Reynolds/Prandtl numbers.

It is of interest that, in the long-time limit (Nt — o0), RDT shows a decay
proportional to t=/2. This is exactly the same as the ‘final’ stage of decay of
three-dimensional unstratified turbulence (Batchelor 1953) having the same low-
wavenumber spectrum oc k*. This rate is greater than that of the initial, self-similar
and inertially dominated stage for which KE(¢) oc t~', where 1 < r < 1.3. The decay
rate in the long-time limit depends on the form of S(k) near k = 0 so that if S(k) oc k?
then the result differs from (5.17) and becomes TE(t) oc t73/2, as we have seen in §4.
Gerz & Yamazaki (1993) did not give results for a very long-time development. In
the most energetic case B of Gerz & Yamazaki (see their figure 2), which shows a
tendency to isotropy in a rather short time, the decay is proportional to t~'3 when
Nt/2n > 1.0, while the smallest turbulence energy case C showed much slower decay
at least for Nt/2n < 3. In comparison of the simplified two-point closure EDQNM
model and its linearized version (RDT) with the DNS results, van Haren, Staquet &
Cambon (1996) found that the decay rate in RDT is smaller than EDQNM and DNS
when Nt/2n < 1. These results can be attributable to the weaker or no nonlinear
transfer of energy in strongly stratified turbulence or in RDT to smaller scales where
the energy is mainly dissipated. However, the decay rate in stratified turbulence
changes with the elapsed time. Indeed, the long-time simulation of Métais & Herring
(1989) shows an ‘increasing’ decay rate with time similar to (5.17). (See run 2A of
their figure 13, where Pr = 1, E(k) is given by (5.1), and S(k) = 0. This difference
in the initial energy spectra E(k) and S(k) does not change the theoretical prediction
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of total energy decay given by (5.17).) In (5.17) the decay rate increases from f° at
t=0to t7>% as t — oo. In their final period of computation (Nt = 1007n), the energy
decays like 1, which is tending to the RDT result. Finally it is important to note
that (5.17) explicitly shows that the decay rate is independent of the stratification
parameter N and is determined by the viscosity v, as was suggested by van Haren
et al. (1996) from their numerical results. Therefore care should be taken if time is
non-dimensionalized by N in discussions of the decay rate.

6. Conclusions

We have investigated the time development of stratified unsheared turbulence using
rapid distortion theory (RDT). The result shows that the time-dependent oscillations,
including the countergradient phenomena, can largely be explained in terms of phase
lags in linear oscillations rather than in terms of any new kind of nonlinear mixing
processes. Our main results can be summarized as foliows.

For inviscid fluid, we have obtained the time-dependent covariances in explicit
analytical forms and showed their short- and long-time limits. These limits have
clarified that the initial turbulent kinetic and potential energy determine the final
partition of energy among each velocity component and density perturbation. The
covariances depend only on the initial total kinetic and potential energy and not on
the precise form of the energy spectra. The oscillation period of the covariances,
including the zeros of the vertical density flux, are completely independent of the
initial condition.

For viscous/diffusive fluids, we have given the analytical form of the time-
dependent three-dimensional spectral functions and expressed the corresponding
one-dimensional spectra and covariances by rather simple integrals, which enable
us to see the effect of the Prandtl and Reynoids numbers clearly. We have found that
a high Prandtl number (Pr > 1) leads to the countergradient flux occurring at high
wavenumber, while a low Prandtl number (Pr < 1) inhibits the countergradient flux
at high wavenumber. These explain the difference between the water tank and wind
tunnel experiments. The analysis shows that special care is needed in interpreting the
three-dimensional and the one-dimensional spectra. One-dimensional spectra show
the transitory countergradient flux at high wavenumber even when Pr = 1, which
does not occur in the corresponding three-dimensional spectra.

For viscous/diffusive fluids, the asymptotic forms of the variances and covariances
in the long-time limit are determined by the initial spectral form of the kinetic and
potential energy, i.e. E(k) and S(k), near k = 0. Specifically, it has been shown that
the ratio of the turbulent potential energy to vertical kinetic energy in the long-time
limit is 3/2 and independent of any initial conditions (other than the assumption of
isotropy), Prandtl number, Reynolds number and Froude number. This should help
modelling real atmospheric or oceanic turbulence (Schumann & Gerz 1995). The

asymptotic form of the normalized vertical density flux W/(;l/zugl/z) also shows
similar independence of the initial conditions and the non-dimensional parameters.
When Pr = 1, all the wavenumber components in the three-dimensional spectrum
function oscillate in phase, as in an inviscid fluid. Then the effects of viscosity and
diffusion are limited to the damping of all the wavenumber components in phase.
The oscillation periods of the covariances also agree with those for an inviscid fluid
and do not depend on the initial conditions (except for the assumption of isotropy).
If Pr = 1 and the initial turbulent kinetic or potential energy spectrum has the
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same form except for the multiplying constant, the non-dimensional ratios of the
covariances, such as the normalized vertical density flux or the anisotropy tensor,
agree exactly with the inviscid results.

To estimate certain effects of nonlinearity which might dominate in high Reynolds
number turbulence (cf. Townsend 1976), the use of an effective (eddy) viscosity
and diffusion coefficient has been considered. (There are of course other effects of
nonlinearity, such as modulating the frequency of the oscillation, not described by this
approximation.) This leads the eddy Prandtl number Pr, (see Townsend 1976, p. 358)
and Reynolds number to be smaller than the molecular values. Applying these values
in the linear theory leads to the strength of the countergradient flux decreasing and
our results become closer to the moderate Reynolds number laboratory experiments.
We note that in atmospheric measurements of unsteady stably stratified turbulence
at very high Reynolds number (where Re ~ 10* and Fr ~ 1) such as those described
by Nai-ping, Neff & Kaimal (1983), countergradient fluxes were observed. Significant
countergradient fluxes also occur when density layers emerge in decaying turbulence.
Barenblatt et al. (1993) proposed a novel mechanism based on a nonlinear time-delay
model of Richardson number-dependent eddy diffusion. The range of applicability
of this concept needs further examinations.

Finally we note that in steady or slowly varying stably stratified turbulence at
high Reynolds numbers, such as described by Hunt et al. (1985), no systematic
countergradient fluxes were observed.
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